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Abstract—This paper investigates the impact of different pri-
ors, related to communications channels, on semi-blind chan-
nel estimation performance for Multiple-Input Multiple-Output
Orthogonal Frequency Division Multiplexing (MIMO-OFDM)
communications systems. For an estimator-independent study, the
Cramér-Rao Bound (CRB) is considered to analyze the perfor-
mance limits and to quantify the channel estimation gain obtained
by properly exploiting side information about the propagation
channel. The analysis is carried out by considering three cases:
(i) no modeling while estimating the channel coefficients in the
frequency domain (for each frequency bin); (ii) a finite memory
linear time invariant channel model while estimating the channel
taps in the time domain; and finally (iii) a specular channel
model while estimating the propagation channel parameters,
i.e. the fading, the delay and the angle of arrival of each
path. In the latter case, the impact of a model misspecification
(caused for example by array calibration errors) on the channel
estimation performance is investigated by using the misspecified
CRB (MCRB).

Index Terms—CRB, MCRB, MIMO-OFDM, semi-blind chan-
nel identification, side information, specular channel model.

I. INTRODUCTION

Channel State Information (CSI) remains a current con-
cern in Multiple-Input Multiple-Output Orthogonal Frequency
Division Multiplexing (MIMO-OFDM) wireless communica-
tions systems, since the system’s overall performance depends
strongly on it [1]. Several channel estimation approaches have
been proposed in literature, mainly pilot based and blind
techniques. In general, pilot-based channel estimators, which
rely on some pilots inserted in the transmitted frames as
specified in most communications standards [2], [3], provide
an easier and more accurate channel estimation, but leads
to decreasing the spectral efficiency and the throughput as
compared to the blind methods (e.g. [4]-[6]), which require
big amount of data. Consequently, it would be advantageous to
benefit from the two strategies where both data and pilots are
exploited through a semi-blind estimation approach [7]-[9].

Besides known data or statistical information, some priors
(or side information) on the communications system can be
available and can therefore affect the performance of the
channel estimation.
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Consequently, this paper aims to study the impact of dif-
ferent priors, relative to the channel, on a MIMO-OFDM
system identification performance when adopting semi-blind
approaches. To do so, Cramer-Rao Bound (CRB) is used
to quantify the performance limits independently of the es-
timator. Furthermore, a comparative study is conducted by
considering three cases. The first case concerns the estimation
of the channel fading coefficients in the frequency domain
(for each frequency bin) disregarding its (finite memory) time
domain structure. In the second case, a finite impulse response
(FIR) linear time-invariant channel model is considered and
the channel taps are estimated in the time domain. In the
third case, a specular channel model is considered and the
propagation channel parameters, i.e. the fading, the delay and
the angle of arrival of each path are estimated. It is worth
pointing out that authors in [7] carried out a through study
on the CRB derivation when only considering the channel
taps estimation in time domain. In the current work; and
as an extension of the previous work, a comparative study
of the performance gain is conducted by considering also
the CRB derivation for estimating the channel coefficients in
the frequency domain as well as the CRB for estimating the
propagation channel parameters (i.e. the fading, the delay and
the angle of arrival of each path) corresponding to a specular
channel model. Furthermore, we will investigate the impact of
a model misspecification on the specular channel estimation
performance using the MCRB, which provides performance
lower bounds for semi-blind channel estimation techniques
under model misspecification.

II. MIMO-OFDM COMMUNICATIONS SYSTEM MODEL

The MIMO-OFDM communications system considered in
this paper is represented by N; mono-antenna transmitters and
a receiver equipped with N, receive antennas. Each transmit-
ted OFDM symbol is composed of K samples extended by the
insertion of a Cyclic Prefix (CP) corresponding to the last L
samples at the beginning of the OFDM symbol, so that the CP
length is assumed to be greater than or equal to the maximum
channel delay denoted N (i.e. N < L). Once removing the CP
and taking the K-point FFT of the received OFDM symbols,



the received signal (of size K) at the N, antennas can be
expressed either in frequency or time domain by [10]:

y:)\x+v:XA+v:}~(h+v, (D
where y = [le---y%T]T; X = [xlT---x%t]T; v = [V{WV%T]T;
and A = [Ar--An,] with A; = [Ai1-Asy,]” where A;, =
diag {Wh,,}, so that W is a matrix containing the N
first columns of an K x K Fourier transform and h;, =
[hir(0), - hi (N = 1)]T contains the channel taps between
the ¢-th transmitter ar%i the r-th receive antenna. A =
[5\{1 XZ:T XJTV“NT] , which is a KN, N, x 1 vector with
Air = Wh;,. of size K x1. X = [Iyn, ® x1..In, ® xp,].
h = [thmh%T]T is a vector of size N,.N;N x 1 where
h, = [h{r---h%f’r]T. X = Iy, ® X is a matrix of size
N, K x NN;N,. with ® being the Kronecker product and
X = [Xp,W-Xp, W] of size K x NNy; where Xp, =
diag {x;} is a diagonal matrix of size K x K.

Furthermore, some priors on the channel impulse response
and/or on the communications system can be available. Hence,
by assuming a specular channel model in our case, the
communications channel impulse response, of the i-th user,
is expressed as a function of the fading, the delay and the
Direction Of Arrival (DOA), in time domain, as follows:

M
h;(t) = > hiaa)sine(t - 7iy), )

=1
where M is the number of paths for each transmitter,
hi;; is the complex fading related to the I-th
path, 7;; being the I-th path delay and a(a;;) =

[1 e—jQTF%Cl)S(Oti,l)'.'e—jQﬂ'%(T‘—l)C()S(ai,l)“.e—j2ﬂ'%(Nr—l)COS(()éiyl)]T

is the steering vector with «y; ; being the corresponding DOA';
while A\ and d represent respectively the wave length and the
distance separating two adjacent receive antennas.

III. CRB DERIVATION

In what follows, the derivation of the CRB for the three
considered cases is performed.

A. Considering frequency-domain and time-domain channel
coefficients

This section is dedicated to the CRB derivation for
frequency-domain and the time-domain channel coefficients
estimation. Basically, the CRB is obtained as the inverse of
the Fisher Information Matrix (FIM) denoted by Jgg where 6
is the unknown parameters vector to be estimated [11].

By taking into account the pilots and data (that are statis-
tically independent) in a semi-blind fashion, the total FIM is
expressed as follows:

Joo =J5 + T4, 3)

where J4, is the FIM associated to the known pilots while
Jd, is related to the unknown data.

'For simplicity, we assumed that the receive antenna corresponds to a
uniform linear array.

Under the assumption of known signal and noise powers?,

the parameters vector to be estimated is given by:
T
0=[8" (81" )
where

8- A for the frequency-domain channel coefficients
~ |h  for the time-domain channel coefficients
&)
1) Pilot-based CRB derivation: By considering only pilots
and since the noise is an i.i.d. random process, the FIM when
considering N, pilot OFDM symbols can be expressed as
follows:

NP
Tho = Yo T5i ®

where J zfg, which refers to the FIM associated to the i-th pilot
OFDM symbol, is given by:

. Oln i), Oln i), "
- E{( pg;w))( pg;g)ﬁ)) }
()

with E(.) being the expectation operator and p(y(¢),3) is
the probability density function of the received signal given 3
and J%. 5. = (J55)".
Hence, for the frequency-domain and the time-domain chan-
nel coefficients respectively, one could show that:
v w frequency-domain representation, )
0= A
00 w time-domain representation.

v

Finally, the pilot-based CRB is obtained as the inverse of J5,.

2) Semi-blind CRB derivation: For the semi-blind channel
estimation case, we assume that the data symbols are i.i.d.
circular Gaussian distributed with zero mean and a diagonal
covariance matrix composed of the users’ transmit powers i.e.

) . lef
Cx = diag (o2) with o2= [0,2(] 0%y, | Where 0% denotes
the transmit power of the i-th user. Under this assumption, the

received signal y is circular Gaussian with covariance matrix:

Ny
Cy =Y 02 M +02Ikn,. )

i=1
The total data FIM has the following form:

4 Jdo I
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where the elements of J%B are given by:
oC ocy, \"
Jd 5 =tr{C:t yC‘l( y) . (11)
BiB; { y aﬂi y 851'
.. 0Cy axH
with oht _ACXTh:'

The case of unknown noise and signal powers leads to similar conclusions
and is omitted here for simplicity.



Once the total FIM Jgg is obtained as in (3), it is inverted to
obtain the CRB matrix. Then, the top-left K N; N, x K N; N,
(respectively NN N,. x NN N,.) subblock of the CRB matrix
is extracted to deduce the CRB for the subcarrier (respectively
time-domain) channel coefficients estimation.

B. Considering specular channel model

This section derives the CRB of semi-blind channel esti-
mation when considering a specular model for the channel
impulse response as given in equation (2). Thus, the vector
parameter of size 4NN, N, x 1 to be estimated is given by:

6=[r" (R)" 7 "], (12)
with h, T, a being vectors of size NN, N, x 1 containing
respectively the complex fading, the delay and the DOA of
channel taps between all users and the receive antennas.

According to the FIM derivation of parameter transforma-
tion [11], the FIM in such a case is based on that derived in

section III-A. Thus, by denoting J 39 the FIM of the semi-blind
time-domain channel coefficients estimation, we have:

onf . oh dh dh Oh Oh Oh
Jog=— J where — =|—,—,—, —|,
" 96 %00’ 6 [ah oh*’ ot 8a(]13)
More precisely, we have:
oh
W [BI, B), ..., B}VT], (14)
B, = diag([B1,, Ba,, ..., By,.]), (15)
dh; »(0)  Ohy (1) dh; - (N-1)
Ohi oh; e oh;
Ohiy(0)  Ohs, ,(1) Ohi, r(N 1)
Bi,r = é)hf 2 6hf 2 C')hf 2 , (16)
Ohir(0)  Ohir(1) Ohi . (N-1)
aﬁi M Ohi m Ohi m
The derivatives 2 8 and ah are performed in the same way as

oh/oh, but respectlvely Wlth the following elements:

Ohi () 3 sin(t—7;) cos(l—7;1)
87’1'71 - Wl (t—Ti’l)Q t—Tig
xexp(—iQﬂ'%(r - 1)sin(am7i)), 17
oh; (1 . -12wd(r -1 i
) ety 20 = D o)
8051'71 A

xexp(—i%r%(r—1)sin(ai7l)). (18)

IV. MCRB FOR SPECULAR CHANNEL MODEL

In practice, the channel model given by (2) can be poten-
tially misspecified due to the propagation model itself or to
array calibration errors which affect the channel estimation ac-
curacy. Consequently, this section is dedicated to analysis the
impact of such errors on the channel estimation performance
and therefor, to determine to which extent one can rely on
such a model and preserve its advantage over the simple FIR
model.

To do so, the basic tool will be the misspecified CRB
(MCRB) which is an extension of the usual CRB for dealing
with model misspecifications [12].

A. Brief review of MCRB

Hence, if we assume that the received data samples are
i.i.d. derived from the true pdf denoted by f(y), then, under
a mismatched estimation, instead of f(y), users adopt a
different pdf denoted by f(y|@) where f(y|8) * f(y) VO
is allowed. Thus, for the users, the problem of interest is now
to estimate 6.

In the context of MCRB, Kullback-Leibler (KL) divergence
is used to determine the “best” performance that can be
achieved by unbiased estimators under model misspecification.
It is defined as:

KL(f || f) 2 Ef{logf(y)} - Ef{logf(y]6)}.

The unique minimizer of KL(f | f) is called the pseudo-
true parameter denoted by 6. In fact, minimizing (19) is
equivalent to maximizing E{logf(y|0)}:

19)

0, 2 arg;nin KL (f I f) = argznax Ef{ﬁ(y|9)}, (20)
where £(y|0) 2 log f(y|6).

Accordingly, the maximum likelihood estimator (MLE)
converges in probability to 6,; [13]-[15].
_ Let 6 be an estimator derived under the misspecified model
f(y|@) from the output samples. We call  as misspecified
(MS)-unbiased estimator if and only if:

E{6(y)} = f y)f(y)dy =

Whereas, the its covariance matrix is so that:’

6,:. 1)

VAR (6) > MCRB(6,) 2 A#(0,,1)J(8,1) A#(6,), (22)

where (.)# denotes the pseudo-inverse operator and the two
matrices J(0) and A(6) are defined as follows:

ot [ of g ( of
J(O) = Ef{a@* (69*) } A(G) Ef{ae(ag* )}
(23)

B. MCRB derivation for erroneous number of multipaths

This subsection is devoted to the derivation of the MCRB
of unbiased channel estimators when the multipath is misspec-
ified.

According to the system model given by (1), the true joint
pdf function f (yp,yd\a) can be expressed as follows:

f(ypayd|0) H

ey o () -y

Ny 1 oo
Xﬂme’m(‘yd(") C,lya(n)), (24)

where m,(n) = Az, (n) = X,(n)h.

3In regular problems, the generalized interpretation of the MCRB in (22)
boils down to the usual one

MCRB(8pt) £ A7 (81) T (01) A (6p1).



However, due to the imperfect knowledge of M, the users
use the following assumed pdf function:

N
F(yp,yal0') = ]—I1 1)NK p( — yp(n) - mp(n)||)
Ny _
| kg, o (w6 )
n=1 " Yy
2 Fo(ypl0) fa(yald), (25)

where M, (n) and C'y are defined by using the erroneous
number of multipaths.

Accordingly, the misspecified log-likehood function is then
given by:

Yy, yal6') £ 10g (F(yp,9a0)) =
with

(ypl0") + La(yald’),

N,
' 11 -
Zp(ypw ) = —N,«NpKlog(ﬂag) - § : o2 ”yp(n) - mp(

n=1%v
N, . N,
- i log (’R’PN detC,) - i yd(n)H
n=1 n=1

Since the pseudo-true parameter 6, is derived from
maxe E¢{¢(yp, yal@’)}, we obtain

O LX)

a(yal@') = C,'ya(n).

(26)

Consequently, the two factor matrices of the MCRB can be
decomposed into two parts as follows:

H H
o, ( dt, o0y 0y
Jon(8) = E{aaf*(aaf*) }*Ef{aef*(ao'*) }

270y + T, 27)
) o [ or o ( ot
As(0) = Ef{aaf (&op)} ' Ef{aaf (aed)}
2 A”(0') + AYD"), (28)

where J?(0") and AP(6’) are dedicated to MCRB?(8") for
the pilot symbols, while J%(8") and A%(8’) concern the
misspecified lower bound corresponding to the data symbols.

1) Pilot-based MCRB: Under the assumption that the noise
is supposed to be i.i.d. random variables, J?(6") and A”(6")
can be given by:

NP
"(0") = Z ;Aﬁ(e'),

where JP(0") and AP (0") correspond to the n-th pilot OFDM
symbol. In the same way, the misspecified log-likelihood
function ¢, (y,|@") is given by:

NP
Z:lfn(yp(n)lﬁ"),

’(0"), and AP(6") (29)

0 (ypl0') = (30)

with

2
E,L(yp(n)w') = —NTKlog(waﬁ) - o

€2y

() =iy ()

In such a case, the vector of unknown parameters is given

by 0’ = [111”,%] where 1’ = [,B’T o', 'T] Accordingly,
one could show that:
n_ | TR ) TRy,
P _ n v
Jn(g ) - [Jg(ag’wl) Jp(o.v7 o2 ) (32)
n_ AR ) AR (Y op
p — n ’ n D]
An(8) = [Aﬁ(ai,w’) Ar(2o)| Y

The derivative £,,(y,|0’) w.r.t. 9’ and o2 are given by

_ H
9y, _—1(‘W) (o (n) -1y (n)),  (39)

o' o\ oy
o, 1 . N, K
503 = ;”:yp(n) - 1,(n) H2 - (35)
where
omy,(n) o Oh Oh Oh]|a &
—_— = X — | = X G7 36
oY’ p() [36” or’’ aa’] o) (56)

By denoting the error on the mean by e,(n) = m,(n) -

my(n) and E,(n) = 02T, x +ey(n)ey(n)”, we obtain
N, K
Jp(o—mo—g) - _A:Z( Oy v) = ol
T2 02) = (JE(w',02)" =0,
AL, %) = (An(.0%)" = G X (1) ey (n),
Jh( ) = —*GHX (”) E,(n)X,(n)G,

7J

AL ) =GR, (1) Xy ()G

Therefore, the MCRBy;p for the training-based estimation,
is given by:

MCRBo: () = A%, (0')Joz (0")AZ(0'),  (37)
where
PR o
Jop(el) — ;i G (n:1 P (n)EXp(n))G 0 :|7 (38)
%o | 0 N,N, K

]\/p _
< (n)fmn))c G" St X (n)ey(n)

1 = =
Ao (67) = o2 NZ 1H o ' leNrK
e, (M) Xp(n)G — 5
L n=1 Ty

(39)

2) Data-based MCRB: We know that the true distribution
of y4(n) is CN'(0,C,) while the users assume yq(n) ~
CN(0,C,), where C,, is defined as

N, o
=y Uij MNAT + 00 Ikn, (40)
j=1
where the system matrix X is defined as
< Y < < < < T
A= [A1,)\27---,)\NJ; Aj = [)\l,ja)\2,j>~--7>\Nr,j] , (41)



with \,.; = diag( Wh,.;).
The vector of unknown parameters becomes

'=[wTobel]
The derivative of £4(y4|0’) is given by
dlg - ,0C) Na b~ 0C ~
=-Nygtr{C + clt—=cC
a6~ r{ aog} 2,y € 5 G waln),
ac _ 23 9A" oh  BC o2NOAT ok - oC
where 087~ ‘{z)‘ oh 0B oy ~ 7 I oh 0t 0al
AR I 06 - AN, 02 < Iy

At 0’ = 0pt, we obtain E f{ } 0 and hence

89’
oCc) Na -, 0C
thr{C 130,} _ 5 Ef{ydm)HC e yd(n)}
n=1

ggf gg"i} and {ae'ae' }

Accordingly, taking the expectation of
over the true f(y) results in

196 70 ¢
00! 09/

aC [ -~ aC ( -
+thr{C_1 (0-1071)} {C-l (C-lch)},
20! 00!

[Jp(e’)]ij:thr{é- clecctl—=cC- C} 42)

aC ~_,0C ( ~
digi\T.. — _ -1 ! “Cc-

[A%(6')];; dtr{C ae'C a91,_(0 c 1)} (43)
., 0°C | - 9C 1 9C
Nytr{C™! cl'c-1 triC'—C'—C'C
o r{ 89;60;( )} A r{ 96; 96 }

V. SIMULATION RESULTS

To highlight the performance gain of priors on the com-
munications channels, several simulations are performed for
the different scenarios as described prev10usly: the sub-
carrier channel coefficient estimation (CRBO P CRB3 5sp). the
channel taps estimation (CRB&,, CRBY ) and the specu-
lar channel coefficients estimation (CRB(} 5 ccular ,CRBY, Pml”)
where OP stands for the pilot-based estlmatlon Whereas
SB refers to the semi-blind framework. The pilot symbols
are generated according to Zadoff-Chu sequences . A 2 x 2
MIMO-OFDM systems is considered with N = 4 channel
taps and K = 64 OFDM subcarriers. Channels fading and
delay are given respectively by [0.40.60.10.01;0.30.90.50.3]
and [0.40.60.10.4;0.30.90.50.1], whereas DOA are as

(5,55 55555

Fig. 1 illustrates the behavior of the normalized CRB
(”{Hiff}) versus SNR for the three considered scenarios.
Adopting a semi-blind framework helps lowering the CRB
and hence performing better than pilot-based approaches.
One could notice that with only one pilot symbol and few
data symbols (40 in our case), the efficiency of the semi-
blind framework is well illustrated while preserving a lower
overhead. On the other hand, one notices that compared to
the frequency domain, estimating directly the channel taps in
time domain gives much better performance, which is further
enhanced when considering a parametric propagation model

for the communications channel (specular representation in
our case).

Fig. 2a illustrates the semi-blind CRB behavior of the
channel coefficients estimation in frequency (CRBg\B) and time
(CRBY;) domain w.r.t. to the number of pilot symbols Ny It
can be noticed that, in order to reach same performance as the
semi-blind CRB for specular channel estimation(CRB¢p, cculary
with one pilot symbol, one needs around 60 pilot symbols
when estimating the channel coefficients in time domain and,
seemingly, even much more when directly estimating the
frequency coefficients.

Fig. 2b assesses the effect of the number of data symbols
Ny on the semi-blind CRBs. One could notice that with just
tens of data symbols, the semi-blind channel estimation is
further enhanced, when considering the channel parameters.
Also, it is noticed that the CRB curves tends to flatten
with high number of data symbols, which indicates that only
a reasonable number of data symbols is needed for better
channel estimation performance.

Fig. 3a plots the MCRBs versus SNR when the number of
multipaths is underspecified. It can be seen that the MCRBs
tend to converge towards error levels as SNR increases, which
is caused probably by a nonzero error mean between the true
and the assumed one. It suggests that the performance of
channel estimators can not exceed a deterministic threshold
even when SNR goes to infinity. By contrast, the classical
CRBs are approximately proportional to the noise variance
which do not reflect the true performance bounds of channel
estimators under model misspecification. Again, besides the
performance gain obtained with semi-blind techniques, com-
pared to pilot-based ones, one can notice that exploiting the
prior specular parameters (DOA, time delay and fading) will
gain the theoretical performance limit of channel estimators
despite they are underspecified. Indeed, such information can
be seen as constraints imposed on the channel taps, hence the
resulting (M)CRB*”*““**" can be referred to as a constrained
(M)CRB which is often lower than the unconstrained bound.

Fig. 3b illustrates the performance lower bounds when the
specular components are overspecified. In fact, the overspec-
ification is not really a case of misspecification, as indicated
in [16] and as the proposed MCRBs follow the classical CRBs
in such a case.

VI. CONCLUSION

This paper focused on the effect of side information
on the performance of semi-blind channel estimation; when
considering MIMO-OFDM communications systems. Three
scenarios have been investigated, estimating: (i) the channel
fading coefficients in the frequency domain; (ii) the channel
taps in the time domain; and (iii) the propagation channel
parameters when considering a specular channel model. To
quantify and compare their performance limits, CRBs have
been derived. This comparative analysis reveals the superiority
of the specular channel model as compared to the two others.
Besides, we analyze the performance loss, due to a mismatch,
on the specular channel model. Such an analysis helps to



—>—CRB],
10° b —+—CRB,
—>—CRB,
—+—CRBY,

_ o _ CREsPecular
8 CRBOP

_ + _ CRRpSpecular
* CRBSB

Normalized CRB
S

SNR(dB)

Fig. 1: Normalized pilot-based and semi-blind CRBs vs SNR, for frequency-
domain, time-domain and specular channel estimation.

10f 10
R ; —— CRB%Z"“’"E Go
% —+—CRBl,
107 \ : |7 * - CRBEING=1) 107 —— CREG,
i ——CRB,
- « - B
107 :

10 i
B :

}\
10| i 107 \,

0 10

Normalized CRB
Normalized CRB

* :
Mg
e
*
e S
HAK o ]

50 60 0 10 20 60 70 80

30 40 50
Number of data symbols Nd

(@) (b)

Fig. 2: Normalized CRB vs (a) number of pilot symbols, and (b) number of
data symbols.

20 30 40
Number of pilot symbols Np

trace(MCRB)

20 25 30 5 015 20 25 30

(@ (b)

Fig. 3: Proposed MCRB bounds for semi-blind channel estimation : (a) M’ =
3<M=4,(b) M'=5>M =4.

5 10 15
SNR (dB)

determine the error level that can be tolerated on the specular
model mismatch; in order to preserve its related advantage in
terms of channel estimation accuracy.
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