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Abstract

In this paper, we investigate the problem of blind source separation (BSS) through the
lens of tensor decomposition (TD). Two fundamental connections between TD and BSS are
established, forming the basis for two novel tensor-based BSS methods, namely TenSOFO
and TCBSS. The former is designed for a joint individual differences in scaling (INDSCAL)
decomposition, addressing instantaneous (linear) BSS tasks; while the latter efficiently per-
forms a constrained block term decomposition (BTD), aligning with the design of convo-
lutive BSS. Leveraging the benefits of the alternating direction method of multipliers and
the strengths of tensor representations, both TenSOFO and TCBSS prove to be effective in
BSS. Our experimental results demonstrate the effectiveness of these two proposed meth-
ods in addressing both TD and BSS tasks, particularly when compared to state-of-the-art

algorithms.
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1. Introduction

In this work, we consider the following blind source separation (BSS) model:

Z::ymr :ZZamr ]s.[t -], (1)

r=1¢=0

where z,,[t] represents the data observed at the m-th sensor (m = 1,2,..., M); s.[t] is
the r-th source signal (r =1,2,..., R); an,[¢], £=0,1,..., L are coefficients of the impulse
response from the r-th source to the m-th sensor, and (L + 1) is the maximum filter length.
Particularly when L = 0, (1) boils down to the problem of instantaneous (linear) BSS. Given
a set of data observations {z,,[t]}s0, it is desirable to identify the mixture process and
recover the underlying source signals. In the literature, many effective methods have been
proposed for BSS so far. We refer the readers to [1-3] for good references.

Over the last two decades, tensor decomposition (TD) has emerged as a powerful process-
ing tool for analyzing multivariate and high dimensional data in both batch and adaptive
settings [4-6]. With its capability to factorize multiway arrays (referred to as tensors)
into basic components, TD has consistently demonstrated remarkable success in various
signal processing and machine learning applications. Particularly in the context of BSS,
several tensorization techniques have been introduced to transform time-series signal and
data models into tensor representations, such as time-frequency tools [7], Hankelization [8],
Lownerization [9], and segmentation [10], among others. These techniques pave the way for
the promising integration of tensor decomposition methods in addressing BSS tasks effec-
tively. In this paper, we aim to investigate the problem of BSS through the lens of tensor
decomposition, leveraging its advantages and advances to significantly enhance blind source

separation performance.



1.1. Related Works

In the literature, several tensor-based methods have been proposed for BSS tasks [2].
Among them, many make the use of the classical canonical polyadic (CP) decomposition,
which allows tensors to be expressed as a sum of rank-1 components [4]. In particular, a con-
nection between this decomposition and joint (simultaneous) diagonalization was established
in [11], which laid the foundation for various CP-based BSS algorithms. Some notable ex-
amples of CP-based BSS methods include FOOBI [12], SOBIUM [13], PARAFAC-SD [14],
and DC-CPD [15]. High-order SVD or Tucker decomposition, which factorize a tensor
into a smaller core tensor and a set of loading matrices, have also been employed for BSS
tasks, as demonstrated in works such as [16-18]. Another tensor approach in BSS is the
block component analysis or block term decomposition (BTD) which unifies the CP and
Tucker decompositions [19]. Tensorization techniques like Hankelization [8], Lownerization
9], and segmentation [10] have been developed to enable the use of BTD in BSS, particularly
for source signals with specific characteristics such as exponential or polynomial behavior.
Specifically, the LL1-BTD (BTD with multilinear rank-(L, L, 1) terms) plays the central
role in various BSS-related tasks, ensuring exact recovery of components from data obser-
vations. It has already found applications in hyperspectral unmixing [20-22], separation of
biomedical signals [23-25], blind deconvolution [26, 27|, and others.

The existing tensor-based BSS methods are, however, either designed for handling in-
stantaneous BSS rather than convolutive ones or applicable only to certain classes of source
signals. One potential solution is to convert convolutive mixtures into instantaneous ones,
often accomplished through frequency domain representations or transformations. However,
this introduces a set of new issues, including complex-valued data, permutation and scal-
ing indeterminacies, and the consistency of filter coefficients across frequencies, to name a
few [3]. Hence, there is a need to readapt current tensor-based BSS algorithms to tackle them
or, alternatively, to delve deeper into exploring novel methods that can bypass such issues.
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In parallel, we know that statistical properties of data play a crucial role for BSS tasks [28].
Many BSS methods have effectively utilized second-order (SO) and/or fourth-order (FO)
statistics for source separation, as demonstrated in [29-32], among others. SO statistics
offer insights into the correlation and linear relationships among observed signals, while FO
statistics can capture the non-Gaussian nature of the sources and higher-order dependencies
among the data observations. Most existing methods, however, either focus solely on one
type of data statistics (e.g., SO or FO) or partially exploit their information. Consequently,
our objective in this paper is to integrate SO and FO statistics with tensor analysis for BSS.
This approach is expected to provide a more comprehensive set of statistical features and
leverage the benefits of tensor representation, leading to enhanced robustness and accuracy

in source separation performance.

1.2. Main Contributions

Following our preliminary study presented in [33, 34], the main contributions of this work
can be summarized as follows. We first contribute to the literature on BSS by introducing a
new tensor method that effectively leverages data statistics, namely TenSOFO (where “Ten”,
“SO”, and “FO” stand for Tensors, Second Order statistics, and Fourth Order statistics,
respectively). The proposed method is based on a novel joint (simultaneous) analysis called
individual differences in scaling (INDSCAL), which is a symmetric variant of CP for third-
order tensors with symmetry in two modes [35]. Particularly, this analysis offers improved
interpretability as compared to the classical CP model for BSS, which uses SO and FO
represented by symmetric matrices (covariance) and tensors (quadricovariance), respectively.
We propose an effective alternating direction method of multipliers (ADMM)-based joint
INDSCAL decomposition of two symmetric third-order tensors. In addition, we establish a
fundamental link between SO-FO based BSS and joint INDSCAL decomposition, allowing

us to effectively apply the proposed INDSCAL method for instantaneous BSS tasks.



In contrast to the existing BSS methods using LL1-BTD, which primarily employ low-
rank constraints on the underlying source signals, the joint INDSCAL model presents an
alternative approach leveraging nice properties of higher-order statistics (HOS) in data ob-
servations. Specifically, the proposed method offers several appealing features over LL1-BTD
for BSS tasks, including (i) a memory-saving representation and efficient decomposition, (ii)
vanishing of the Gaussian noise terms when using FO statistics, (iii) the ability to handle
source signals without prior information on their rank, and among others. Instantaneous
BSS methods based on LL1-BTD directly construct tensors from data observations (e.g., by
tensorizing signals through Hankelization, segmentation or Lownerization), which can result
in large tensors. In contrast, TenSOFO employs data statistics to construct two third-order
tensors of small size (refer to Section III for details). Consequently, TenSOFO provides a
more efficient memory-saving tensor representation and decomposition, particularly advan-
tageous for processing long time-series signals like speech and audio sampled at high rates.
Additionally, TenSOFO, along with other HOS-based methods, benefits from the inherent
property that higher-order cumulants of Gaussian random variables are zero, making it less
sensitive to the effect of Gaussian noise. Another advantage of the proposed method over
LL1-BTD is as follows: LL1-BTD based methods often require rank information of source
signals, which may not always be available or is challenging to determine in practice. In
contrast, the proposed method operates effectively without such information, performing
well under statistical independence assumptions. Furthermore, the proposed method dif-
fers from the existing coupled tensor-based BSS method, DC-CPD [15], in several aspects.
DC-CPD is designed to address joint BSS tasks involving multi-set signals. It constructs
third-order tensors from cross-covariance matrices, assuming intra-set independence and
inter-set dependence. Therefore, the symmetry in DC-CPD arises from concatenating these
tensors and their permuted versions (see Section I in Supplementary materials of [15] for

details). In contrast, our method involves the computation of covariance and quadricovari-
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ance of data at pairs of time points, resulting in an intrinsic symmetric structure derived
directly from these covariance matrices and quadricovariance tensors. This intrinsic symme-
try facilitates the formulation of the joint INDSCAL, also known as symmetric CP model.
Additionally, DC-CPD relies solely on SO statistics, whereas TenSOFO incorporates both
SO and FO statistics. This distinction makes our method more comprehensive and effective
in addressing BSS tasks.

Next, we propose the second tensor method aimed at dealing with convolutive BSS
directly in time domain. In contrast to existing tensor-based BSS methods, our approach
involves exploiting the merits of a special variant of the block term decomposition (BTD)
where the loading factors are constrained to be identical. To elaborate, we establish a
connection between convolutive BSS and this constrained BTD, forming the groundwork
for our novel method called TCBSS (which stands for Tensor based Convolutive BSS).
Specifically by exploiting second-order statistics, we first construct a third-order tensor by
stacking a set of covariance matrices, and then, apply TCBSS to identify the mixing process
and sources. A variant of TCBSS, incorporating fourth-order statistics, is also introduced.

By reformulating BSS within the framework of tensor decomposition, several advanta-
geous properties of INDSCAL and BTD can be effectively leveraged for BSS tasks. Specifi-
cally, the identifiability issues inherent in BSS are closely linked to the uniqueness of solutions
derived from these tensor-based approaches. The two proposed tensor models are essentially
unique under mild conditions (i.e., unique up to a scale and a permutation), thus aiding in
addressing identifiability issues in BSS. This is also feasible in cases when the number of
sources exceeds the number of mixtures, as demonstrated by Proposition 2 in Section 3.1.
Additionally, tensor decomposition allows for flexible modeling of the data, enabling the
incorporation of constraints and assumptions tailored to specific BSS tasks. Moreover, the
utilization of tensor models holds promise for enhancing separation performance by captur-

ing higher-order statistical dependencies inherent in the data. This is illustrated by several
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experimental results on both synthetic and real datasets in Section 5.

Beyond its primary contributions to BSS, this paper also enriches the existing tensor
decomposition literature by introducing two effective optimization approaches for factorizing
tensors under the joint INDSCAL and BTD models, outperforming the state-of-the-art

algorithms.

1.83. Paper Organization

The remainder of this paper is structured as follows. In Section 2, we provide a brief
overview of the preliminaries, covering standard notations, operations, tensor decomposi-
tion models, data statistics, and the alternating direction method of multipliers. Section 3
establishes a fundamental link between instantaneous BSS and joint INDSCAL decomposi-
tion, subsequently introducing our first method, TenSOFO. Section 4 introduces the second
method, TCBSS, designed to address convolutive BSS tasks. In Section V, we present exten-
sive experiments to demonstrate the effectiveness of these two proposed method and Section

VI concludes the paper.

2. Preliminaries

2.1. Notations and Operations

In this paper, we use the following notations. Lowercase letters represent scalars (e.g.,
x), while boldface letters indicate vectors (e.g., x). Matrices and tensors are denoted using
boldface capital letters (e.g., X) and bold calligraphic letters (e.g., X), respectively. The
(41,12, ...,iy)-th element of a tensor X is denoted as X (i1,42, ... ,in), (X )iris. iny OF Tiyig..in -
The mode-n matricization of a tensor X is denoted as [X'](,). The transpose operation is
represented as (+)7, the pseudo-inverse as (-)#, and the Frobenius norm as | - | . The mode-
n product of a tensor X and a matrix U is denoted as X x,, U. The concatenation of

tensors X and Y along the last mode is represented as X @Y. Symbols o, ®, and % are



used to represent the outer, Khatri-Rao, and Hadamard products, respectively. Symbols ®
and ® denote the Kronecker and block-wise Kronecker products. The function “blkdiag”
constructs a block diagonal matrix or tensor by arranging the inputs along its diagonal. The
function “length” returns the number of entries in a vector, matrix, or tensor. The function
“mat” reshapes a tensor X of size I x J x K x L into a matrix X of size I.J x K L such that
X((i-1)I+y7,(k=1)I+1)=2X(1,7,k,1). In the following, we present some frequently-used
mathematical operations considered in this paper.

The mode-n product of a tensor X € RItvx/2x-xIn and a matrix U € R/»*/» returns a new

tensor Y = X x,, U € RIve-xIn-1xJnxIniix-xIn whose elements are given by

Y(i1, s nt1, Jnsbnets-- -5 IN)
In
= Z X(i17 s 7in717in7in+17 s 7ZN)U(jn7ZTL) (2)
in=1

If y =X X IJ7 then [y](n) = U[X](n) Vn.
The concatenation of two tensors X € RIve-*In-1xIv and Y € R In-1xIn along the last

mode yields a new tensor Z = X @) € RIvxxIn-1x(Un+JN) whose elements are defined as

X (i, ... in, k) ifk<Iy,
Z(il,...,in_l,k): (3)

Y(it, .. yin1,k) ifk>1Iy.
The Hadamard product (aka elementwise product) of two matrices A € RN and B ¢
RMxN ig defined as
aibin ... ainbiy
AxB-= : : : (4)
ayibyn .. aunbun
The Kronecker product of two matrices A € RM*N and B € RP*Q results in
anB ... anyB

AeB=| : S (5)

CLMlB ce CI,MNB
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The Khatri-Rao product (aka column-wise Kronecker product) of A = [aj,ay, ..., ag]

and B = [by, by, ..., bg] yields
AoB=[a;®b;,a,®bs,...,ag®bg|. (6)

When B = A we denote (6) as Agz = A ® A for short.
The block-wise Kronecker product of A =[A1,As,...,Ag] and B=[B1,B,, ..., Bg] is

denoted as

AxB=[A;®B;,A,®B,,...,Ap®Bg]. (7)

2.2. Tensor Decomposition

We provide a brief overview of two tensor formats: INDSCAL and type-2 BTD, which

are utilized in our work.

2.2.1. INDSCAL

The INdividual Differences in SCALing (INDSCAL) represents a variant of CP/PARAFAC
decomposition that enables the factorization of symmetric tensors [4, 35]. Under the IND-
SCAL model, a third-order tensor X of size I x I x K with elements satisfying x;;, = i for
all 7,7,k can be decomposed into two factors A € R"*® and C ¢ RE*! (R being the tensor

rank) as follows

X s [AA.C]|=Ya,0a,0c, (8)

r=1

where a, and c, are the r-th columns of A and C, respectively. Its computation typically
follows the same iterative procedure to computing the classical CP decomposition (i.e., CP-
ALS) [4]. In CP-ALS, the two “A” matrices are treated as separate factors, denoted as Ay
and Ay (for left and right, respectively), and they are updated independently without an
explicit constraint enforcing their equality. Despite starting with different initial estimates,
the inherent symmetry of the data together with the uniqueness of CP decomposition even-

tually lead the two “A” matrices to converge, up to a scaling factor. Being a special case of
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CP, the uniqueness of INDSCAL is also guaranteed under mild conditions [36].

2.2.2. Type-2 BTD
The type-2 BTD is a variant of the block term decomposition (BTD) [37]. It aims to

factorize a third-order tensor X € R™*/*K into a set of low multilinear-rank components
{X,}, as follows
R R
X:ZX’F:ZQTXIAT‘X2BT" (9)
r=1 r=1
Here, G, € RL->M-xK pepresents the core tensor of the r-th component X,., while the loading
factors A, € RI*Lr and B, € R7*Mr are full column rank matrices. Since (9) is trilinear in A =
[A1,As, ..., Ar], B =[B1,B,,...,Bg], and G = blkdiag(G1,G>,...,Gr), its computation
follows the common alternating least-squares (ALS) approach [38]. Also, the type-2 BTD

is essential unique under mild conditions [37]. To support our algorithm development, we

present three mode-n matrix representations of X':

[X](l) = A[[g1 X9 Bl]zl), cee [QR Xo BR]ZI)]T, (10)
[X](2) = B[[gl X1 Al]ZQ)’ ceey [QR X1 AR]I2):|T, (11)
[X](3) - [[gl](:s)’ [92](3)7 T [gR](g)](B A)T' (12)

2.3. Data Statistics

Consider a data vector u[t] € R? of zero mean. We can analyze its second-order (SO)

and fourth-order (FO) statistics using its covariance matrix R* € R’/ and quadricovariance
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tensor C" € RI*I*IxI regpectively. These statistics are defined as follows:!
Ru[t,7] = E{u[t]ult - 7]"}, (13)

(eult.{m}])

for the time lags 7 and T = {71, 72, 73}, where u;[t] is the i-th entry of u[¢] and the fourth-

ko Cum {ui[tL wilt =], k[t — 2], wlt - 73]}, (14)

2

order cumulant “Cum(-)” is given by
Cum {Ii, xj, Ty, xl} = E{xia}jxkxl} - E{xzxj}E{xkxl}
- E{xlxk}E{x]xl} - E{x,xl}E{xjxk} (15)

2.4. Alternating Direction Method of Multipliers
Alternating Direction Method of Multipliers (ADMM) is an effective primal-dual op-

timization framework designed to deal with convex constrained problems of the following

form [39]

min f(x) + g(y) subject to z(x,y)=c, (16)
X,y
where the objective function is separable in x and y, and z(x,y) = ¢ represents constraints

on parameters of interest. The augmented Lagrangian corresponding to (16) is given by

Lxy.1) = f(x) + 9(3) + Efle~2(x )|+ 17 (c - 2(x.¥)). (17)
where p > 0 is a regularization parameter and p is the dual variable. ADMM relies on the
duality theory for convex optimization, where the objective is to minimize the augmented
Lagrangian w.r.t. x, y and a fixed p. Conversely, the dual function h(p) = ming y £(x,y, i)
should be maximized w.r.t. . Consequently, ADMM performs an alternation between

minimizing £(-) w.r.t. x and y and employing gradient ascent to maximize h(u).

n this work, we focus on tensor decomposition with real-valued data (source signals and mixtures).
The definitions of R,, and C,, can be derived following (13) and (14), respectively. In a very general way,
it is essential to consider the conjugate complex elements when dealing with complex data at various time
lags. Our proposed methods, presented in the following sections, can be readily adapted to address complex-
valued scenarios. These extensions can be achieved by substituting the transpose (-)" with the conjugate
(Hermitian) transpose (-), with the exception of certain reshaping and unfolding operators such as (63)
and (64).
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A
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Quadricovariance ~ M? x M? x N,

Figure 1: TenSOFO — A Joint INDSCAL Decomposition based Instantaneous BSS. TenSOFO com-
prises three main steps, including (i) extracting second-order (SO) and fourth-order (FO) statistics

. . . . N . .
from observations to obtain two sets of covariance matrices {Rx[t,7,]},; and quadricovariance ma-

trices {Cyx[t, {7, }]}22; (ii) forming two third-order tensors R and C, by stacking {Rx[t,7,]})", and

n=1’
{Rx[t, 7] ,]Lll, respectively; and (iii) performing a joint INDSCAL decomposition of R and C to derive
the mixing matrix A.

3. Instantaneous BSS: Joint INDSCAL Decomposition based Method

In this section, we present a link between joint INDSCAL decomposition and instanta-
neous BSS. Subsequently, we introduce a novel tensor method for BSS named TenSOFO

which effectively leverages SO and FO statistics. See Fig. 1 for an illustration.

3.1. Link between Instantaneous BSS and Joint INDSCAL Decomposition

The convolutive BSS model (1) can be transformed into an instantaneous BSS model
when the filter length is reduced to one (i.e., L =0). In this case, we can recast (1) into the

following linear model

x[t] = As[t], (18)
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T

where x[t] = [z1[t],22[t],...,za[t]] € RM represents the data observation vector, s[t] =

[31 [t],s2t],- .- ,SR[t]]T € R% is the source vector, and A € RM*® is the mixing matrix defined
as
a;1[0] ... aig[0]
A= S (19)
ayn[0] ... ang[0]

In many applications, the underlying sources are stationary, non-Gaussian and mutually
statistically independent, while being individually correlated for different lags, such as [30,
40, 41]. In such cases, the computation of second-order (SO) statistics of x[¢] leads to the

following relation
R.[t, 7] = AE{s[t]s[t - T]"}JAT = AR,[t, T]AT, (20)
Rg[t, 7] = diag{a%[T], o3[r],... ,0}2%[7]}, (21)

where 02[7] = E{s,[t]s,[t - 7]}. While the computation of fourth-order (FO) statistics of

x[t] results in

= Y (CltAr)  AGm)

ijkl r1raT3Ty T1T9T3T4

A(g,r)A(k,r3)A(l,14), (22)

(exlt. (1))

for all index values. Upon transforming (22) into matrix form, the resulting expression is as

follows
Cult, {7}]1=(A® A)C[t, {T}](A®A), (23)

where Gy[t, {(r}] = mat(Cylt, {r}]) € R and y[1, {r}] = mat(Ct, {(7}]) € RI*.
When the underlying sources are statistically independent, the matrix Cg[t, {7}] contains

at least R* — R zeros. Thus, the expression (23) boils down to a simpler one
Cult, {T}]= (A0 A)C[t, {T}](A@A), (24)
Cult, ()] = ding{m[{T} ], mal{r)]...... kil {71}, (25)
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where k,[{T}] = Cum{s,[t],s,[t - 7], 8.[t - 7], 5, [t = 3]}. To sum up, we obtain
Ri[t,7] = ARS[t, T]AT and Ci[t,{7}] = Ae2Cst, {T}]AL,, (26)
where Ago = A G A.
In this work, we construct two tensors R € RM*MxNi and C e RM**M*xNz from the set of
N, matrices {Rx[t,Tn]}:j:ll and Ny matrices {Cx[t,Tn]}anl as follows
R =Ry[t, 1] BRL[t, 2] - BR[t, TN, ] (27)
C = Cult, {m}] @ Cu[t, {T2}] - @ Cuft, {7 }], (28)

ie., R(:;:n1) = Re[t, 7, ] and C(:,5,n0) = Cxlt, {Tn,}] for 1 <ny < Ny and 1 < ny < Ny,

Here, each element of R and C can be expressed as

R
R(i,5,m1) = ) A, 7)A(G, )0 70, ], (29)
r=1
R
C(k7l7n2) = ZAGZ(kvr)AGQ(laT)HT[{TTQ}]' (30)
r=1
Accordingly, we can represent R and C by
R
R = ZA(:,T)OA(:,T)OE(:,T), (31)
r=1
R
C-= Z Aga(s,r) 0 Aga(s,r) o K(5,7), (32)
r=1
where two matrices 3 € RVM*E and K € RV2*E are given by
oi[n] o3[n] ... o%[n]
o?lr o2l ... o3[r
> - 1[ 2] 2[ 2] R[ 2] ’ (33)
_U%[TNI] U%[TNJ J%%[TNI]_

mil{m}]  wel{m}] ... wr[{m}]
ml{m}]  ke[{m}] ... F&%z[{"'z}]

mal{m)] mal{mn)] o mal{ma)]
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In other words, they admit the following INDSCAL factorization (8)
R=[[A,A 2] and C=[Acs,Ac, K] (35)

Interestingly, under mild (and easy-to-check) conditions, the joint (coupled) INDSCAL de-

composition (35) is essentially unique, as highlighted in Propositions 1 and 2.

Proposition 1 (General case). Let N = min(Ny, Ny). If either R < M or M < R <
min(N,2M - 2) or max(M, Ny, No) < R< (2M + N —2)/2, then (35) is essentially unique.

Proposition 2 (Underdetermined case). Let N = max(Ny, Ny). When

2 _
e MM Faewznen

R<N+3M—1—\/(N—M)2+2N+6M—3

2
<2M+2N+1—\/8N+8M+1
B 2

if 2< N<M<R (36)

R

if 2<M<M<R

then (35) is essentially unique.

The conditions of Proposition 1 follow from Kruskal’s condition, while those of Proposi-
tion 2 are corollaries derived from Propositions 1.1, 1.2 and 1.3 in [36]. Propositions 1 and
2 hold when the elements of the loading factors in the joint tensor decomposition randomly
drawn from continuous distributions. As a result, through the joint INDSCAL decomposi-
tion of both R and C in (35), we directly estimate the mixing matrix A. In next subsection,

we present an efficient optimization framework to simultaneously decompose R and C.

3.2. Optimization Framework
The joint INDSCAL decomposition of R and C in (35) can be obtained by solving the
following constrained minimization
min f(B,K) + g(A,X) subject to B=Ags, (37)

where f(B,K) = HC - [[B,B,K]]HjJ and g(A,X) = HR— [AA, E]]Hi Here, (37) can be
expressed in the ADMM form, and thus, we can construct the corresponding augmented
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Algorithm 1: TENSOFO

Input: R e RMMxN1 5nd ¢ ¢ RM*<M?xN2
Output: Loading factors A, 3, and K.
Initialization:

| 1=1, U 20,2, 5, any A0 ¢ RM*E

while stopping criteria are not met do

(BO KOV - argrﬁin{f(B, K) + %HB -AGY Ut (P1.1)
{AD xO} - argmin {9(A, )+ % IBO - Agy +UD Hfm} (P1.2)
U -yt BO A (P1.3)
l=1+1

end

Lagrangian function with a parameter py as follows

(38)

2
F?

Lo(BK,A,%,Z) = f(B,K) +g(A,2) +(Z,B- Agy) + %HB .

where Z € RM**R is the dual variable. Generally, the regularization parameter py is used
as the step size in the dual update [39]. Denote by U = Z/p, the scaled version of Z, we

reformulate (38) as follows
Lo(B.K.A.2,U) = f(B,K) + g(A. %) + 2|B-Acy+ U - 2|U[7.  (39)

Accordingly, at each iteration I, the dual update is simply computed as U® = UU-D +
B® - A(Ql%, and it does not involve the use of pg. In particular, our proposed ADMM
solver is outlined in Algorithm 1. In the following, we detail the optimization approach for

minimizing (P1.1) and (P1.2).

3.2.1. Updates of BO and K®

Minimization (P1.1) is equivalent to the following constrained optimization

. p - _
anin €= [, By K[+ 2B - AL+ 0]

subject to By = Bg, (40)
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where the two “B” matrices in f(B,K) are considered as separate loading factors, denoted
as Br and By for the left and right, respectively. The corresponding augmented Lagrangian

function is expressed as follows
£a(By, By, K. D) = ¢ - [By, By Kl + 2By - ALY + UCV[]
2B, - B, D2 - 2D, (1)

Here, pg > 0 is a regularization parameter, and D € RM**R denotes the (scaled) dual variable.
To find the optimal solution of (41), the optimization process involves an iterative loop, with

the ¢-th iteration step as follows:

KO =[], (B 0 BE ) ([ ) )
S[(BU)BE)T (aa)
B - ([e], P (A - 0)
+pp(BYY - DEED))(PED) PRI 4 (g + pB)IR)_l, (42b)
B{" = ([€],, P + pu(B{* - DD
(PUD)PED s pata) ", (a2c)
D) = pei-h 4 B B (42d)

where PV = K@) @ BU*™ and P = K@) @ B, At the initial step (i = 0), we
set K0 = KO-1) and B = B{"” = B(-). The iterative procedure (42) continues until
convergence or until stopping criteria are met after Iy, iterations. Then, we align the two

“B” matrices as

(43)

AY = argmin B - B A
Ap

where Ap is a diagonal matrix. At the end, we take K() = K(:5stor) and BY) = O.5(BI(_l’IS°°p) +
Bl A D) 2

%In the initial stage, the iterative procedure (42) may require a large number of iterations to converge or
may not converge at all. In such cases, the two matrices B, and By might not be identical or closely aligned
each other. The step (43) is essential to compute their average and determine the value of the matrix B(®).
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3.2.2. Updates of A® and XM

We recast (P1.2) into the following ADMM form

wgmin R - [ArAa Z][; + Z[BO - Aoy + UV

subject to Ap = Ay. (44)
In a way similar to (42), we employ an iterative procedure to update A® and O,
Starting at j = 0, we initialize £(¢:9 = $C-D and obtain A" and A{"” from AYY which
is computed as follows
1
1, T _ T
ASY = ([R] 4 B0 + po(BY + UCD))((B00) 50 4 gl ) (45)

Specifically, we know that Ag’zo) = Aﬁl’o) o} Afj’o) leads to

Ag’go)(:,r) = vec{Aﬁl’o)(:,r)Algl’o)(:, T)T} with 1 <r<R. (46)
Therefore, we can obtain the (normalized) r-th column of AIEZ’O) and Ag’o) from the most
dominant left and right singular vectors of reshape{Ag’QO)(:, r), [M, M ]}, respectively.

For short, we denote F() = BO+U0-1), Qﬁl’j_l) = E(Zvj)GAﬁl’j_l), Qél’j_l) = E(ZJ)GASJ_I),
G = Tpe AT eIy, GV = (1o Al ™)ely, T = reshape{ G Dvec{FO},[M, R]},

Tél’j_l) = reshape{Gél’j_l)Vec{F(l)}a [M, R]}, and read

() = [R](g)(AﬁlJ—l) o Algl’j_l))([(Aﬁl’j_l))TAﬁl’j_l)] )
* [(A}({l’j_l))TAg’j_l)]) : (47a)
ALY = ([R] Q)+ poTi ) (AL~ B00))
(HE + pAIR)_l, (47b)
ALY = ([R] Q)+ poTE )y (AL - B00))
(H{ 4 pAIR)_l, (47c)
EG) =BG ¢ AL - A, (47d)
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where p, and E play the same role as pg and D in (41), respectively, and

l,j-1 Li-1)\T l,j—-1 Li-1)\T l,j-1
HI(_.] )_( (1. )) QIEJ ) pD(G]Ej )) GI(_.J )7 (48)
l,j-1 Li-1)\T l,j-1 Li-1)\T l,j-1

Once (47) meets the stopping criteria, we estimate AX) using a way similar to (43), and

then, set 3O = X(Jswor) and AW = O.5(A£Z’J“°p) + Af({l’JStOP)AX)).

3.3. Stopping Criteria and Parameter Selection

Our method consists of an outer loop, and two inner loops (42) and (47). We set their
maximum number of iterations to predefined values: Lgop, = 100, Igop = 10, and Jgop = 10,
respectively. Following the guidelines in [39], we adopt the following stopping criteria, which

rely on the primal and dual residuals

”chr - ZcurHF < 5pri7 Hp(zcur - Zold) HF < €dual, (50)

where “cur” and “old” represent the current and old estimates, respectively, and e, =

exr max { [ Vo2, | Zeur |2} + €absy/length(Veur) and quat = €xell pSeurl2 +€absy/length(Seur)-
Here, €., > 0 and €, > 0 represent the absolute and relative tolerance, respectively. The
primal variables are denoted by V and Z, where V includes (B,By,AL), and Z includes
(Ao2,Bg, Agz). The dual variables (U,D,E) are represented by S, while p represents the
regularization parameters (pg, pg, pa) and their value can be selected by applying the following
adaptive rule at each iteration

kPO i | Ve = Zew| o> 00 (Zewr = Zora) | -

P =00 ki 0O (Zew — Zo) | > 11| Veus = Ziews (51)

F?
P9 otherwise.
i i i - - ©) = pO = HO0 _ O _ i
In practice, typical choices can be p =10, K =2, and p Po =ps =py =1, while €
and €, can be chosen from the ranges [1076;1073] and [10-%; 1072], respectively. For further

details, please refer to [39].
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3.4. Performance Analysis

3.4.1. Computational Complexity

For short, we assume Ny = Ny = N. TenSOFO involves two inner ADMM loops, denoted
as (42) and (47). In loop (42), the computation includes a pseudo-inverse and two inverse
operations of R x R matrices, resulting in a cost of O(R?) flops. Additionally, the Khatri-
Rao products requires a cost of O(max{M?, N}M?2R) flops. Consequently, each iteration
incurs a total cost of O(M4R2N) flops for updating K@), B", Bl(,f’i), and D). Thus,
the computational complexity of (42) is O(IgopM*R?N) flops. At the end of the loop (42),
TenSOFO also involves the scaling step that requires O(M?2R) flops. Loop (47) shares a
similar update rule with (42) but deals with R € RM*MxN of gmaller size, leading to a
complexity of O(JsopM2R?N) flops. To sum up, the overall computational complexity of
TenSOFO is O(Lstop (LstopM? + Jstop) M2R2N ) flops.

3.4.2. Convergence Analysis

The convergence behavior of TenSOFO is summarized in the following theorem.

Theorem 1. Assume that covariance matrices and quadricovariance tensors of data observa-
tions are bounded in Frobenius norm. If pp > 1 and py, pg > 0, the sequence {BO KO AO 3O UMD}
generated by TenSOFO in Algorithm 1 converges to a stationary point of Ly(+) when | goes

to infinity.

Proof. See Appendix A. m

4. Convolutive BSS: Type-2 BTD based Method

In this section, we begin by establishing a connection between convolutive BSS and a
constrained type-2 block term decomposition (BTD) factorization. Subsequently, we intro-
duce an efficient method called TCBSS, designed for dealing with this specific BTD, and,

by extension, convolutive BSS tasks.
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4.1. Link between Convolutive BSS and Type-2 BTD

As suggested in [3, 40], we can reformulate the convolutive data model (1) into an

instantaneous one as follows
x([1] = As[1], (52)

where x[t] = [:El[t], conxq[t =L+ 1, [t], e[t - L+ 1]]T e RML" and s[t] =
[s1[t],....silt = (L + L") +1),....sg[t],....srlt — (L + L) + 1]]T e RE(AL) with an ex-
tension factor for data observations L’ > 1, and the new mixture A e RML*R(L+L) g given
by
A, ... A amr[0] .o ame[L] ... 0
A=| : : with A = . (53)
Ay oo Ayg 0 mr[0] oo e[ L]
For short, we denote L.,qq = L+ L'.
We assume that individual source signals are temporally coherent while maintaining
their mutual independence. Specifically, the correlation between the two sources s; and s;
(with i # j) follows E{s;[t]s;[t - 7]} = 0 for all 7. In such cases, the correlation matrix

corresponding to (52) is expressed as

Ry[t, 7] = E{x[t]x[t - 7]"} = Ablkdiag({Rs [, 7]} )A". (54)

r=1/2

For multiple time lags {7;}Y,, we obtain
Rult,n] = Ablkdiag({R; [t,71]}))A”,

R.[t,72] = Ablkdiag({R, [t,72]}" )AT, )

Ry[t,7v] = Ablkdiag({Rs [t 7x]} | )A".

Particularly by stacking {Rux[t, Ti]}]\il and {Ry[t, Ti]}j\il consecutively within the third mode

%
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Figure 2: TCBSS — Constrained Type-2 BTD based Convolutive BSS. By extracting second-order (SO)
statistics of observations and source signals, we obtain sets of covariance matrices {Rx[t,7,]}2; and

{Rs [t,Tn]}fX’ﬁl. These matrices are then modeled within a constrained type-2 block term decomposi-

tion framework, enforcing two tensor factors to be identical. By performing the BTD decomposition of R,
we derive the mixing matrix A.

of R € RMLXML'xK and G € RELadaxRLaaaxN we derive the following representation

R
R=Gx1Ax;A=>G x1A x3 A, (56)

r=1
where A, = [A] AL, ...,A}, ] is the r-th block column of A and Gs (:,,7) = R (£,7:).
See Fig. 2 for an illustration. We can see that (56) represents a variant of the type-2 BTD
in (9), where the two loading factors are constrained to be identical. Interestingly, (56) is also
essentially unique under mild conditions [37], as highlighted by Proposition 3. Particularly,

the estimate A of A is unique up to trivial indeterminacies, i.e., A = AITA where IT is a

block permutation matrix and A is a square nonsingular block-diagonal matrix.

Proposition 3. If ML' > RL,qq, N >3, and G is generic,® then (56) is essentially unique.

This result is a corollary of Theorem 6.1 in [37]. By employing the constrained type-
2 BTD analysis, we can directly identify the mixing process in convolutive BSS. In next
subsection, we introduce an effective optimization framework designed to deal with (56)

efficiently.

3We call a tensor generic when its elements are drawn from a continuous probability density function.
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Algorithm 2: TCBSS

Input: {Ri[t, Ti]}j\il
Output: Loading factor A and core tensor G

Initialization:
o setl=1,a(® =1, U = 0ppenr

and Z(O) = OML’XRL

add’ add

1 U
e generate random matrices B® ¢ RMExRLaaa anq ggo) € REadaxLaaaxN
Zr

while stopping criteria are not met do

AD —argmln{HR Zg(l Dxi A, x; B 1)H

a ”HB“ VoAUt } (P2.1)
B(l) - argmm{HR Z g(l 1 o A(l) x5 B, H
r=1
pHB AW LUt 1)H } (P2.2)
R 2
" - argmin HE -3 G x AD «, BV H (P2.3)
g r=1 - F
U® =700 BO _A® (P2.4)
2
NOBRE: 1+4(al-1) (P2.5)
2
P | _
7O - y® 4 T(H(l) —y¢ 1)) (P2.6)
l=1+1

end

4.2. Optimization Framework

The type-2 BTD factorization (56) can be represented by

R
min HE - Z Gs x1 A, subject to A = B, (58)
r=1

gAB

where A = [A,A,,...,A,] and B = [B,,B,,...,B;]. Here, we can formulate the aug-

mented Lagrangian function for the minimization (58) as follows

L(G,A,B,U) = mln H’R ng x1 A pHB A+UH HH”i«“v (59)

where U is the “scaled” dual variable and p > 0 is a regularization parameter. In this work,
we propose Algorithm 2 to find the stationary point of £(:). As the three sub-problems

(P2.1), (P2.2) and (P2.3) are quadratic, their closed-form solutions A, B® and g at
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the [-th iteration are determined as

-1

AV = ([R] (W) +p(B D+ U D)) (WO (WD) 4 plp) - (60)
BO - ([R]@)(Wg)y +p(g(l—1) —A(’)))(Wg)(wg)f +pIRLadd)_1, (61)
19871 192) - [60),] = [R] (B wa0)) ©
where W and W are given by
W= [[ol BT (66 B o
Wy = [[ggfl) 1 Ag”ﬂz)’ (G A%)]é)]T‘ (64

Inspired by the work [42], we introduce two auxiliary variables Z() and «; to accelerate the
iteration procedure. The inclusion of (P2.4), (P2.5), and (P2.6) results in an accelerated
augmented Lagrangian variant which can offer superior speed and estimation accuracy, as

compared with state-of-the-art methods, please see Fig. 8 for an example.

4.8. Stopping Criteria and Parameter Selection
Our procedure stops upon convergence, reaching the maximum number of iterations

Litop = 100, or meeting the following criteria

|A® - BY|, <epr and [|p(AY - ATV < caua, (65)
where epyi = € max { |AD |5, [BY |2} +€apsy/length(AD) and equar = el | pUY |5 +€apsy/length(AD).
Here, €,1,s > 0 and €, > 0 represent the absolute and relative tolerance, respectively. In prac-
tice, we can set p = 1, €, = 107 and €, = 1072 for reasonable performance. To speed up

the convergence rate, an adaptive parameter selection for p can be employed, as described

in (51).
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4.4. Performance Analysis

4.4.1. Computational Complexity

At each iteration, the updates for both A in (60) and B®) in (61) share the same
computational process. This requires O(MZL’2LaddRK + ML'L?, R?K + L2, dR3) flops.
For computing G defined in (62), the complexity is O(M2L?L2,, RK + M?L?RL?,,
min(M2L"?, RL?, d)) flops. The computations required for updating UY, ZO, and o
are relatively inexpensive, with respective complexities of O(ML'RLaqq), O(ML'RL,qq),
and O(1). As mentioned in Proposition 3, satisfying the uniqueness condition demands
ML' > RL,4q. Accordingly, the overall complexity of TCBSS is (9(]\/[2[/2 L%, Rmax(K,L?  R)+

L3, ,R?) flops at each iteration.

4.4.2. Convergence Analysis

The convergence behavior of TCBSS is summarized in the following theorem.

Theorem 2. Assume that covariance matrices of data observations are bounded in Frobenius
norm. If p > 1, the sequence {Q(l),é(l),ﬁ(l),g(”} generated by TCBSS in Algorithm 2

converges to a stationary point of Lo(-) when [ goes to infinity.

Proof. Proof of Theorem 2 can be obtained by applying the same mathematical framework

as presented in Sec. 3.4.2 for analyzing the convergence behavior of TenSOFO. O

4.5. Extension

In this subsection, we introduce a variant of TCBSS that integrates both SO and FO
statistics.

We begin by computing the FO statistic of x[¢] in (52) as follows

Cult. {7}] = (A @ A) blkdiag ({Cy,[t. {7}]} ) (A0 A)". (66)
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By incorporating multiple time lags {7;} Y%, we derive a set of FO matrices {Cy[t, {7, }]}2?,.
These matrices are then stacked into a third-order tensor C in the following manner
C = Cyft, {m}] @ Cxft, {m2}] - @ Cxft, {Tar }]. (67)
Similar to the tensor R in (56), C also admits the type-2 BTD factorization
C=Z A aAny =) 2o 51 (A, 0A) % (A 0A,) (69
r=1
where Z = blkdiag(Zs , Zs,,..., Zs,) with Zg (:,:;,n) = Cg [t,{T.}], and A, is the r-th

) “'sp

block column of A. Accordingly, we can represent the convolutive BSS problem in the lens
of a joint (coupled) type-2 BTD decomposition

R=Gx1Ax A and C=Zx; A, x2A,, (69)
where A, = A® A, and thus, formulate the following ADMM optimization

Juin {IR-GxAx Al +|c-2x DD}

subject to D = A,. (70)

In this work, we can apply the same optimization framework of TenSOFO in Algorithm 1

to solve (70). Particularly at the [-th iteration, we update parameters of interest as follows

{Z(l)’Q(l)} = ar‘gzrgin {HQ - Zx1 D xy QH? + %HQ _ Ag;) + 9(1—1) Hi?}’ (71)
(g0 AV} = argmin{[R -G Ax, AL+ 5DV - A5+ QUVL} ()
9(0 _ g(l—l) +Q(l) —A(@g, (73)

where Q is the (scaled) dual variable and 7 is a regularization parameter. Sub-problems (71)
and (72) can be effectively addressed by incorporating a simple regularization term | - ||%
into the original version of TCBSS presented in Algorithm 2. For example, in the case of
sub-problem (71), the closed-form solution of Z keeps the same form as G in (62) during

each iteration. Meanwhile, the solution for D is adjusted from (60) and takes the following

26



form

D{" - ([c

_](1)(W£l))T + p(Dl(%l,ifl) +B(l,i—1)) + ,Y(Ag;l) —g(l_l)))

-1
(WO W)+ (o NIae,) - (74)

Here, the matrices Dﬁl’i), Dl(zl’i_l), WEl’i), and W§l7i) play the same role of A B WX),

and Wg) in Algorithm 2.

5. Numerical Experiments

5.1. Performance Assessment for TenSOFO

We evaluate the performance of TenSOFO in two aspects: (i) its effectiveness for joint

INDSCAL decomposition, and (ii) its application to address BSS using SO and FO statistics.

5.1.1. INDSCAL Decomposition
We apply TenSOFO to compute joint INDSCAL decomposition of two symmetric tensors
R e RMxMxN and C e RM**M?xN gharing the same rank R:
R =Riue + Nz = [[A, A, S]] + N, (Tensor 1)
C=Ciue +Ne¢ = [[AQQ, Ao, K]] +MNe. (Tensor 2)
Here, the tensor factors of interest A € RMxE 3 ¢ RN*E and K € RV*E are generated as
Gaussian matrices with zero-mean and unit-variance entries. Mz and N ¢ represent random

Gaussian noises sharing the same SNR level, i.e., [N |r/|Riuelr = [Ne|#/||Coruelr = 10720 .

To evaluate the estimation accuracy, we measure the following relative error (RE) metric

(75)

RE(A. Aco) = pin | A - A TIALL /A
where A refers to the estimate, IT and A represent the permutation and scaling matrices,
respectively.

In this experiment, we set the values of M and N to 5 and 100, respectively. We consider

two cases of the tensor rank R: one with R = 3 (less than M) and another with R = 7 (greater
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Figure 3: INDSCAL decomposition: data dimension M = 5, number of tensor slices N = 100, individual
decomposition of R (—), C (—), and joint decomposition of both R and C (—).

than M). The performance of TenSOFO is conducted across varying SNR levels within the
range [0,50] dB. Fig. 3 illustrates the performance comparison between TenSOFO and the
classical INDSCAL method (i.e., CP-ALS) for each R and C. The experimental results
indicate that TenSOFO performs effectively in both cases, with better performance at the
same SNR level when R < M. Moreover, the joint decomposition significantly improves
the accuracy of estimating A as compared to the individual decomposition approach. The
improved performance of TenSOFO in estimating A is primarily attributed to its joint
decomposition approach. Since tensors R and C both contain information about A, their
integration simulates the beneficial effect of regularization and data augmentation for both R
and C. Consequently, results obtained through joint INDSCAL decomposition consistently
outperform those from individual decompositions of R and C. Furthermore, the proposed
ADMM optimization also contributes to improved convergence rate and estimation accuracy

as compared to the standard ALS approach.

5.1.2. Instantaneous BSS
We then demonstrate the effectiveness of TenSOFO for instantaneous BSS tasks in

comparison with several widely-used BSS algorithms, namely SOBI [30], JADE [29], SO-
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Figure 4: Instantaneous BSS tasks with s, = f,. * g,.: The number of sensors M =5, data samples T = 10000,
and time lags N = 5.

BIUM [13], FOOBI [12], and TBSS-LL1 (using segmentation) [10]. Since SOBI, JADE, and
TBSS-LL1 are not optimally designed for handling underdetermined BSS tasks, we abstain
from conducting a performance comparison among them in such cases. In the following,
we present two scenarios where TenSOFO demonstrates advantages over the compared BSS
algorithms.

In particular, we investigate the following BSS model
R 5> x[t] = As[t] +n[t], t=0,1,...,T -1, (76)

where the noise vector is n[t] ~ N (0,021,,) and the mixing matrix A € RM*E is generated
as a Gaussian matrix with zero-mean and unit-variance entries. We explore two cases for the
source matrix S = [s],s],...,s|T e R®T: (i) each source signal s, results from convoluting
a kernel/filter f, of length L; <« T with a random coefficient vector g, of length 7' Ly + 1
(i.e., s, = f. » g,); and (ii) each source signal s, is derived from filtering a non-Gaussian
random process v, by a first-order autoregressive (AR) model with coefficient 1,., denoted
as s, = filter(v,, AR(1,1,)). In the first case, f. and g, are generated as normal (Gaussian)
and folded-normal random vectors, respectively. The filter length L; is set to 30. In the

second case, we define the non-Gaussian process for the r-th source s, using a power of
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Figure 5: Instantaneous BSS tasks with s, = filter(v,, AR(1,%,)) with a non-Gaussian process v,., the
number of sensors M =5, data samples 7' = 10000, and time lags N = 5.

normal Gaussian distribution (i.e., v;(7) = |y;|P where y; ~ N (0,1),p > 1). Here, we set the
value of p to 6, and we arrange the set of coefficients {1} | to be evenly distributed within
the range [0.1,0.9]. The hyperparameters of the compared BSS algorithms are kept at
their default values. SOBI, SOBIUM, and TenSOFO require a predefined number of time
lags, we set its value to NV =5. To evaluate the estimation accuracy of the BSS algorithms,
we reuse the error metric RE(A, Aes) in (75).

In Fig. 4, the performance of BSS algorithms is illustrated for the case s, =f,. *g,.. In
the overdetermined BSS task (R < M), the experimental results in Fig. 4(a) indicate that
BSS algorithms utilizing second-order statistics, including SOBI, SOBIUM, and TenSOFO,
effectively reconstruct the mixing matrix A. The accuracy of their estimation improves with
higher SNR. Notably, TenSOFO demonstrates slightly better estimation accuracy than SOBI
and SOBIUM. Conversely, two fourth-order (FO)-based BSS algorithms (JADE and FOOBI)
and tensor-based algorithm TBSS-LL1 exhibit worse performance. Fig. 4(b) illustrates the
performance of TenSOFO, SOBIUM and FOOBI for underdetermined BSS. We can see
that TenSOFO and SOBIUM succeed, while FOOBI fails in this task, consistent with the

4In MATLAB, we employ the command “linspace(0.1,0.9, R)” to generate a sequence of R values for
the set {1, }2, (e.g., if R =3, then ¢ = 0.1,7)5 = 0.5, and 3 = 0.9).
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previous overdetermined BSS task.

In Fig. 5, the performance of BSS algorithms is illustrated for the second case where
s, = filter(v,, AR(1,7,)). The experimental results in Fig. 5 (a) indicate that when R < M,
TenSOFO outperforms other methods, providing better estimation accuracy when compared
to the second-best FOOBI at high SNR levels. JADE and TBSS-LL1 become less effective,
whereas SOBI and SOBIUM offer moderate performance in this context. When R > M,
both FOOBI and TenSOFO perform well in underdetermined BSS, although their estimation
accuracy is lower than when dealing with R < M. The BSS algorithm using only SO
statistics, SOBIUM, is less effective than FOOBI and TenSOFO in this case. In summary, the
results presented in both Figs. 4 and 5 demonstrate that the proposed algorithm, TenSOFO,
can leverage both SO and FO statistics to enhance the BSS performance in scenarios where

algorithms using only SO or FO statistics may fail short.

5.1.3. Fetal Electrocardiogram FExtraction via Instantaneous BSS

In this experiment, we employ TenSOFO to extract the fetal electrocardiogram (fetal
ECG) from cutaneous potential recordings acquired from the mother’s skin. This separation
is crucial for analyzing the health and condition of the fetus [43]. The ECG dataset used
in our investigation contains five abdominal and three thoracic recordings.? These signals
were recorded using eight skin electrodes placed on various regions of a pregnant woman’s
body over a duration of 10 seconds, with a sampling frequency of 250 Hz. Fig. 6 illustrates
the five abdominal recordings used in this study.

As indicated in [44], ECG signals can be formulated using the following linear model
x[t] = As[t] +n[t], t=0,1,...,T -1, (77)

where x[t] = [z1[t],...,zm[t]]T represents observations, s[t] = [s1[t],...,sr(f)]" denotes

the underlying sources, A € RM*% represents the propagation from R sources to M elec-

®Access the ECG recordings at: https://ftp.esat.kuleuven.be/pub/SISTA /data/biomedical /
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Figure 6: Real ECG recordings obtained from the maternal abdominal region.

trodes, and n[t] is the noise. Consequently, the separation of fetal heartbeats from maternal
heartbeats in the ECG recordings can be seen as an instantaneous BSS task [44].

As the ground truth is not available and the effectiveness of the Lowner technique has
been demonstrated in [9] for this task, we follow its experimental setup and compare our
separation results against it. Specifically, we use 05 recordings, each contains 500 data
samples, corresponding to electrodes located on the mother’s abdominal region. These ECG
recordings are normalized to unit norm. The Lowner-based method requires no preprocessing
and we keep their algorithmic parameters by default. For TenSOFO, we set the number of
time lags N to 3. The experimental results are depicted in Fig. 7. It is worth noting that,
the fetal heart rate consistently appears higher than the mother’s heart rate. Both methods
successfully separate fetal heartbeats from maternal heartbeats, with our method yielding

similar results to the Lowner technique.

5.2. Performance Assessment for TCBSS

We assess the performance of TCBSS by (i) analyzing its convergence rate for type-2

BTD factorization and (ii) applying it to the problem of EMG decomposition, serving as an
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Figure 7: ECG source separation using TenSOFO (—) and Lowner-based method (—): maternal heart-
beats (above) and fetal heartbeats (below).

illustrative example of convolutive BSS.

5.2.1. Type-2 BTD Factorization
We demonstrate its effectiveness in the context of type-2 BTD factorization. To illustrate

this, we generate a third-order tensor X € RM*xM*K ag follows

R
X=Xy, +0,N=> G x1 A, x2 A, + o, N. (78)

r=1

Here, the elements of G, € REXLXK - A ¢ RMxMxK and A, € RM*L are derived from random
Gaussian variables with zero mean and unit variance. The parameter o,, > 0 is introduced
to control the noise level. To measure the estimation accuracy, we use the following error
metrics
ER(X i, Xest) = [ Xir = Xest| of [ X e 1 (79)
RE(Atm Aest) = %1}1{1 HAtr - AestHAHF/HAtrHFa (80)
where X, Aest are the reconstructed tensor and loading factor, IT is a block permutation

matrix, and A is a square nonsingular block-diagonal matrix.

In this investigation, we consider two cases: a small tensor with M = 10, K = 100, R =
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Table 1: Running time of type-2 BTD algorithms.

W ALS  ALS+LSH ALS+ELSC TCBSS
Setup

M =10,K =100,R =2,

L =2 and 0, =102 0.22(s) 0.24(s) 0.25(s) 0.17(s)
M =50, K =100,R =5,
L=4ando, =102  03066)  0.39() 0.43(s)  0.28(s)

0 ‘
"_'3 10 —Proposed
n —+—ALS
;;é" e~ ALS+LSH
L0l —ALS+ELSC| |
4s:.lO
=
o~
" o ‘ | | | ) | | | | |
0 5 10 15 20 25 0 10 20 30 40 50

[teration [teration
(a) M =10,K =100,R=2,L =2 and 0,, =102 (b) M =50, K =100, R=5,L =4 and o, = 1072

Figure 8: Convergence rate of type-2 BTD algorithms w.r.t. ER(X ¢, Xegt)-

0 ‘
/3 10 —Proposed
n —+ALS
<§’ 107! ~-ALS+LSH |
: —-ALS+ELSC
P
< 10_2 L
2]
3 ‘ ‘ ‘ ‘ 3 ‘ ‘ ‘ ‘
10 10
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[teration [teration

(a) M =10,K =100,R=2,L =2 and 0,, =102 (b) M =50, K =100, R=5,L =4 and o, = 1072

Figure 9: Convergence rate of type-2 BTD algorithms w.r.t. RE(Ay;, Aest)-
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Figure 10: Effect of the noise level o,, on the performance of type-2 BTD algorithms: M =10, K =100, R = 2,
and L = 2.

2,L =2 and a larger one with M =50, K = 100, R = 5, L = 4. The noise level o, is selected
from the range [1074,1]. The performance of TCBSS is compared with the widely-used ALS
method [38] and its variants, namely ALS+LSH [45] and ALS+ELSC [46], as depicted in
Figs. 8, 9 and 10. While their running times are reported in Tab. 1. The results indicate
that the proposed algorithm not only achieves faster convergence but also provides improved

estimation accuracy in both setups.

5.2.2. EMG Decomposition via Convolutive BSS

We apply TCBSS to the problem of EMG decomposition and compare its performance
with other tensor-based BSS algorithms, namely PARAFAC-SD [14] and TBSS-LL1 [10].
Synthetic EMG signals are simulated using the convolutive BSS model (1), where a,,,[/]
represents the action potential (AP) of the r-th motor unit (MU) at the m-th sensor. The
duration of the APs is 35 (i.e., L = 34). The source s,.[t] = ¥ ; §[t - 9),;] corresponds to the
spike train of the r-th MU, featuring spikes at times 1),;, with 0[-] representing the Dirac

delta function. Specifically, the m-th measurement x,, is formulated as

R R
R"5 X = ) Yonr + My = Y Ay * Sy + Dy, (81)

r=1 r=1
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Figure 11: Synthetic EMG signals (without noise): Convolutive mixture model with M measurements and
R sources.

where n,, is Gaussian noise. See Fig. 11 for an illustration. The objective of the EMG
decomposition is to identify the underlying sources {y,..}o-" _, (i.e., spike trains {s,}2,

m=1,r=1

and MUs {amr}%fmzl) from {x,,}M . For further details, we refer the reader to [47].

In this task, three EMG measurements (M = 3) are comprised of two sources (R = 2)
with an excitation level set at 5% of the maximum voluntary contraction. The sampling
frequency is fs = 2048 Hz. Each measurement contains a sequence of data samples with a
total length of 7' = 10000 samples, corresponding to an approximate duration of 5 seconds.
Four SNR levels are considered, including 0 dB, 10 dB, 20 dB and oo dB (without noise).
The total number of spikes from the two sources is 106. To satisfy the uniqueness condition
ML > R(L+ L"), we set the extension factor L’ of TCBSS to 2L. Additionally, we set the
number of time lags K to 30. As R < M, once obtaining the mixing matrix A, the underlying
sources are then determined up to an unknown filter using the ordinary least-squares (OLS)
estimation method (i.e., § = A#g). Subsequently, we identify the timings of activations of

each MU, thanks to the form of spike (impulse) trains. Detected spikes exhibiting magnitude

ten times lower than that of the spike with the highest magnitude are identified as artifact
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and will be excluded from the final detection result.

Table 2: EMG spike train detection performance.

Method | PARAFAC-SD TBSS-LL1 TCBSS

etric
SNR
0dB 87.74% | 65.68% | 85.85% | 67.5% | 86.79% | 10.07%
10 dB | 95.82% | 49.50% | 94.43% | 50.98% | 89.62% | 9.52%
20 dB 100% | 45.44% | 100% | 44.21% | 99.06% | 4.55%
oo dB 100% | 43.01% | 100% | 36.32% | 100% 0%

SEN FDR SEN FDR SEN FDR

For performance evaluation, we employ sensitivity (SEN) and false discovery rate (FDR)

as key metrics in this task, which are defined as follows:

TP FpP
- FDR = — . 9
SEN = 755 d FPR= 5= (82)

Here, true positive (TP) represents the number of correctly identified spikes, false negative
(FN) denotes the number of spikes left unidentified, and false positive (FP) refers to the
number of incorrectly identified spikes. The algorithm’s performance is considered better
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when the value of sensitivity (SEN) is higher and the value of false discovery rate (FDR) is
lower.

The decomposition results are shown in Fig. 12 and Tab. 2. At SNR = oo dB (without
noise), TCBSS successfully recovers the underlying EMG sources and two spike trains are
detected correctly without errors (i.e., SEN = 100%) and no additional impulses (spikes)
are introduced (i.e., FDR = 0%). While PARAFAC-SD and TBSS-LL1 correctly identify
the underlying spike trains, their false discovery rate (FDR) is reasonably high due to the
presence of several other impulses in the recovered sources, as illustrated in Fig. 12 (blue and
green lines). The performance of all algorithms degrades when SNR decreases. However,
TCBSS remains effective in this task, with reasonable values for both SEN and FDR, much

better than that of PARAFAC-SD and TBSS-LL1.

5.2.3. Separation of Convolutive Speech Mixtures

Our main objective is to demonstrate the use of TCBSS for separating sound signals in a
reverberant/convolutive environment. We use a publicly available dataset that contains 18
real sound sources, sampled at a rate of 16 KHz over a time range from 24 to 30 seconds.6
The dataset includes various sources, including speeches from both male and female speakers
as well as musical sounds like piano, guitar, trumpet, and others.

In this work, our experiment involves three sound sources (male speech, female speech,
and piano) recorded by three microphones, as illustrated in Fig. 13. These sounds are
then mixed in a virtual room using real-world measured room impulse responses (RIRs)
to simulate a realistic convolutive environment. The mixing process is facilitated by the
function “roommix.m”, which can be accessed at “https://sound.media.mit.edu/ica-bench/”.
We compute a set of 20 covariance matrices {Rx[t, 7,]}2%; to construct the third-order tensor
R, as in (56). Subsequently, the mixing matrix A is estimated by TCBSS, and the least-

square estimate of the source vector is given by s = A#g. Due to the inherent ambiguity of

6Access the speech dataset at: http://dimitri.nion.free.fr/bss/BSS.html
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block-term decomposition, the recovered sources are identified up to a filter. For comparison
purpose, we resolve this ambiguity by determining the block permutation matrix IT and block
diagonal matrix A through optimization, specifically by solving argming 5 |A - ATIA|2
where A incorporates measured RIRs.” We then choose three sources among recovered ones
based on their correlations, selecting those with the smallest correlation coefficients. The
experimental results are illustrated in Fig. 14. Despite the fact that the recovered sources
are not a perfect match to the ground truth (due to the filter ambiguity), it is evident that

the three sources are well separated.

6. Conclusions

In this paper, we addressed the problem of blind source separation (BSS) through the
lens of tensor decomposition. We established two fundamental connections between BSS and
tensor models, which served as the basis for introducing two novel tensor-based methods:
TenSOFO and TBCSS. The former is specifically designed for joint INDSCAL decomposi-
tion, addressing instantaneous BSS tasks, while the latter is an efficient constrained type-2
block term decomposition with two factors constrained to be identical, aligning its design
with convolution BSS. Our experimental results indicated the effectiveness of both Ten-
SOFO and TCBSS, showcasing their remarkable performance in both tensor decomposition
and BSS tasks, particularly when compared to state-of-the-art algorithms. Notably, the
proposed algorithm, TCBSS, demonstrated its capability in reconstructing EMG sources

and exhibited improved performance as compared to other tensor-based methods.

Appendix A. Proof of Theorem 1

Our convergence analysis of TenSOFO consists of three main stages: (i) demonstrat-

ing that the Lagrangian EU(B(Z),KU),A(”,E(l),U(l)) strictly decreases with each itera-

"The solver is available at: http://dimitri.nion.free.fr/Codes/matlab/tools/pack_solve_scale.zip
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(b) Data observations at three microphones in 10 seconds

Figure 13: Speech signals used in this study.

tion of ADMM, while providing an upper bound on the difference between Lagrangians

computed at consecutive iterations; (ii) establishing the boundedness of both the sequence

{BO KO AD 30 UMD} and its corresponding Lagrangian EU(B(l), KO ADO x0), U(l));

and (iii) indicating that the limit point of the sequence generated by TenSOFO serves as a
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Figure 14: Recovered sources within the first 5 seconds: ground truth (—) and estimated source (—).
Due the inherent ambiguity of BTD, the recovered source signals are not perfectly matched to the original
ones.

stationary point of (37).

We begin with stage (i) by establishing Lemma 1.

Lemma 1 (Sufficient Descent). At each iteration I, let {BO, KO AD =0 U} denote

the sequence of variables generated by TenSOFO and Ef]l) = Lo(BO, KO, AD =0 UO).

If po>1 and pa, ps> 0, there always exists a set of positive numbers {cy,ca,c3,¢4} such that:
40 - ) <=0 B B - KO KO

| ACD - AO | | 50D - O (A1)

Proof. We begin with proof of Lemma 1 by examining the difference in the Lagrangian Ly(-)
when A, Y and U are constant. Recall that, B() and K® are derived from the iterative

procedure (42). Therefore, we first establish Proposition 4 to demonstrate the convergence

of (42).

Proposition 4. Let {Bg’i),Bg’i),K(l’i)}Zl denote the sequence generated by the iterative

41



procedure (42) in the main text. If we denote M) as one of these variables, the minimizer

MG of the Lagrangian Lg(+) at the (i + 1)-th iteration satisfies:

EB(]_\/_[(I,HI)7 ) _ L:B(M(l’i), ) < _deM(l,Hl) _ M(l,i)‘ (A2)

2
F?

where d,, s a positive number.

Proof. Recall that K1) defined in (42a) is indeed the minimizer of the Lagrangian Lg(+)

when By, Bg, and D are fixed, i.e.,

K = argin £4(0¢,) - e - B, B, K],

o7 const]. (A.3)

Minimizing (A.3) is equivalent to solving the following least-squares problem

Li &
-K(B{" 0 B!") F] (A.4)

(Lir1) ) _
K Lirl) = argémn [h(K) = H[C](:&)

In particular, the least-squares function hA(K) in (A.4) is strongly convex w.r.t. the matrix

K as its Hessian matrix (Bél’i) o} B](“l’i))T(Bg’i) ® Bﬁl’i)) is positive definite, and thus,

h(K(l,Hl)) < h(K(l,i)) _ %HK(MH) _ KD 2

A5

B (4.5)
In other words, we have

2

A , 1 . ,
EB(K(““), ) _ EB(K(z,Z)7 ) < _§||K(l,z+1) _ KD

(A.6)

F

Next, we examine the matrix Bl(f’”l) which is particularly derived from
2

BS’HI) = argijn [EB(BLv ) = HC - [Bx, Bl(zl’i)a K(LHD]]HF

2 . .
N % |BL 3 Ag;) N U(H)HF + % ‘BL —BS’Z) + DO

2
+ const
F

, T2
= ar%rflin lLB(BL7 )= H[C](l) - BL(K(Z,Z+1) ® Bél’ ))T )

+ %HBL YN o (L Hi + % B, - B{” + D)

2
+ const]. (A.7)
F

All three terms of the right hand side (RHS) of (A.7) are in the least-squares form. Thus, the

objective function (A.7) are strongly convex, characterized by the following positive definite

42



Hessian matrix
V2Ls(By,-) = (po + ps)L + (K7D 0 BY) (KD 0 BY) > 0. (A.8)

Accordingly, we derive

2

. (A.9)

EB(BIEZV’HI)’ ) - LB(B£l7i)7 ) < _%

li+l li
B{" - B

with dy; = po + pg + Amin (KGHD @ Bél’i)) where Apin(IN) denotes the smallest singular value
of matrix N.

The matrix Bl(,f’iﬂ) is the minimizer of the following optimization

. i } 2
B*D ~ aremin lL'B(BR?.) - HC - [[Bfl’”l),BR,K“»“”]]H
Br

F
. . 2
+ @HBéhwl) _ BR " D(l,z) + COHSt]
9 F
. (1,i+1) i+ ||
= arg};gmln Ls(Bg,-) = H[C](Q) - BR(K e By ) .
R
4 2
" % |B£l,z+1) -Bp+D®)| 4+ const]. (A.10)
F

Similar to (A.7), the objective function (A.10) is strongly convex with respect to Bg. Con-

sequently, we have:

EB(B£Z,¢+1)7 ) _ EB(Bél,i)’ ) < i’ (A.11)

B£l,i+1) _ B£M)

dy,
2
with do; = pg + Amin (K& @ BE*D) Tt ends the proof. O

Thanks to Proposition 4, we observe that the set of the objective values of Lz(+) at solu-
tions is monotonically decreasing and bounded. Thanks to monotone convergence theorem,
we can conclude that the cluster {BIEl’i), Br(f’i), K(lvi)} converges to a limit point as ¢ tends to
infinity. This convergence implies that the solution {B®,K®} of problem (P1.1) generated
by the iterative procedure (42) converge to a stationary point of Lg(-) as its gradients with
respect to both matrices are zero, according to our optimization framework. In addition, the
Lagrangian Lo(B,K,-) in (38) comprises three convex terms with respect to B and K, in-

cluding a function involving the Frobenius inner product <Z, B - A®2> and two least-squares
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functions f(B,K) and 2 |B - Ag|%. Therefore, £o(B, K, ) is a multi-convex function and
using the same arguments above (e.g., as for (A.7)) results in
EU(B(M), K+, ) - L’D(B(Z), KO, )
<-4[Ben -Bo H2 - 2K KO ||2 (A12)
T2 Fo2 F
where ¢; and ¢y are any positive numbers satisfying V2Lo(B, ) = ;1 and V2Ly(K,-) > ¢
Similarly, employing the same approach as in the proof of Proposition 4 and arguments
above, we also obtain
Lo(AGD G0 ) _ £ (AD, 50)
<% At A<z>”2 -4 men - E(Z)HQ (A.13)
T2 P2 F
where c3 and ¢4 are positive numbers. The result in Lemma 1 follows the combination of

two inequalities (A.12) and (A.13). It ends the proof. O

Proposition 5 (Boundedness). The sequence {BO KO A® 30 UD} generated by Ten-
SOFO and the Lagrangian Lo(B®O, KO, AD 5O UMD) are bounded.

Proof. Thanks to Lemma 1, we obtain Egl) < ESO) Vi, i.e., the Lagrangian Lq(+) has an upper
bound £y. Next, we consider the the lower bound for Egl).
Employing the dual variable update U® in (P1.3), we can recast the formulation of Lg(+)

in (39) into the following form
£l = lc-[B®,BY, K(l)]]Hi +|[R-[A®, A0, g(l)]]Hi
Po—Linwy _ A0)2
n 5 HB( ) _A®2HF, (A.14)
When pg > 1, the RHS of (A.14) is guaranteed to be positive, indicating that the La-
grangian Lg(-) is bounded below by zero. The boundedness of Lagrangian suggests that
all (positive) terms within (A.14) are also bounded. Consequently, we can infer that the

sequence {B®) A®} is bounded due to the boundedness of |B® — AS%H% Expressing the

first term of (A.14) as H[C](g) -K®OBO o B(l))THi, combined with the boundedness of
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C, ensures that {K®} is bounded. Following the same arguments above, we also conclude
{X®} is bounded. The boundedness of the scaled dual variable {U®} stems from the

boundedness of the third term, (poU®, B — A(l)>, in the original version (38) of Lq(-)

@2

(note that Z = poU). O

Now, iterating the inequality (A.1) in Lemma 1 for [ =0,1,..., L results in

L L
ﬁéo) _ EéL”) > ¢ % HB(Z+1) _ B(l)HQF ey % HK(l+1) _ K(Z)Hi

L L
res Y [ACD ZAD2 1o, 3R — O (A.15)
1=0 =0

Due to the Lagrangian Ly(-) is decreasing and bounded, we get

> BB <o, KD KO <o (A16)
S A - AOf <o, SN SO <o (A17)
as L goes to inﬁnilt;o. In other words, we conclude h
[BEO-BOf 0, KOO -KOJ 0, (A18)
[AGD — AOJ2 S, GRS SUY ) (A.19)

Proposition 6. Let (B*,K*, A* 3* U*) be a saddle point of Ly(-) and define

<112 l * 12
VO = p|UO - U + PoHAég — AL (A.20)
Then V1) is a Lyapunov function for TenSOFO, i.e.,
VED O < pp[UED - UO|7 - pp| ALY - AD 3. (A.21)

Proof. Tts proof follows the same mathematical framework used in the convergence analysis

of the standard ADMM method, as detailed in [39, Appendix A]. m

Proposition 6 also demonstrates the boundedness of the the sequence of the (scaled)

dual variable {U®}. Subsequently, we utilize the same arguments as in (A.15)-(A.19) to
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establish

lipOHU(M) - U“’Hi <V < oo (A.22)
-0
HU(“” -u® Hi -0 as [ — oo. (A.23)

To sum up, the sequence {BO, KO AN O UMD} generated by TenSOFO converges to a
limit point (B>, K>, A~ ¥~ U>) as [ goes to infinity, and
Lo(B*, K*, A® 2> U”) = lim Lo(BY, KD A® nO Uh), (A.24)
In the final step, we examine the gradient of Ly(+) at the limit point (B*, K, A> ¥ U>).
In short, we denote Z := (B,K,A,X,U) and Z% := (B>, K>, A~ ¥~ U*). First, we
observe that partial derivatives of Lo(-) w.r.t. each variable is Lipschitz continuous (as

multi-block convex functions are locally Lipschitz). Accordingly, we obtain
]co(zm) — Lo(Z0)y - tr[(Z(l) - z<l+1>)Tvco(z<l+1>)]] <L|zO-z®V" (A25)

where L represents the maximum Lipschitz constant of all partial derivatives of £q(-). We

then have
(20 - 209) VLo(20)] < L 2O - ZCD[L e 20 £, (A20)
thanks to the triangle inequality. Hence, summing (A.26) for [ =0,1,..., co results in
2tr[(2<l> - 20D) v Ly(20D)] < o, (A.27)
It implies that 7
lim tr[(z@ - z““))TvﬁU(z(“l))] = 0. (A.28)

Inspired by our companion work on CP decomposition in [48], we can apply the proof by
contradiction to indicate that Z(*) is a stationary point of Eéw) 2 lim;_, o, Lo(+). Specifically,
assume that Z() is not a stationary point of Eél) when [ - co. In such a case, there exist

Z and ¢ > 0 satisfying
tr[ (2 - 29) v L™ (20) | < —e <0. (A.29)
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Thanks to the triangle inequality, we have
|(2-20) veLo (2t -(2- Z(°°>)Tv£g°°>(z<°°>)Hi
< |veazt0) ~ v (2| |2 - 20
¥ Hv.cg"°>(z<°°>)Hin<°°> - z<l+1>Hi (A.30)

We observe that when [ - oo, the RHS of (A.30) tends to zero due to ZU*D - 2() and

VL(ZHD) o Vﬁéw)(Z(“’)). From (A.29), we derive
t[(2-20) VL2 < - <0, (A.31)

As mentioned above, partial derivatives of Lq(+) are Lipschitz and we know that JAGRY

argmin g Lo(Z) at the ({+1)-th iteration. Due to Lipschitz continuity, we can further obtain
(Z(l) _ Z(Hl))T
[ |Z2-2"Y|;

( _ (l+1))T
(1+1) : (1+1)
VEO(Z )] Smftr[—“Z_Z(l+1)||FVE0(Z )

+c|Z® - 20| (A.32)

2
F’

where ¢ is a positive number, thanks to [49, Proposition 9]. Let [ go to infinity, (A.32)

becomes

lim tx[ (20 - 20) vLo(20) | < -2 <0, (A.33)

[—>o00

because of HZ(l)—Z(“l) H; — 0 as | — oo. Here, (A.33) is a contradiction in (A.28). Therefore,

Z) must be a stationary point of L’éw). It ends the proof.
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